Abstract-A novel graph-cuts-based method is proposed for reconstructing open surfaces from unordered point sets. Through a Boolean operation on the crust around the data set, the open surface problem is translated to a watertight surface problem within a restricted region. Integrating the variational model, Delaunay-based tetrahedral mesh and multiphase technique, the proposed method can reconstruct open surfaces robustly and effectively. Furthermore, a surface reconstruction method with domain decomposition is presented, which is based on the new open surface reconstruction method. This method can handle more general surfaces, such as nonorientable surfaces. The algorithm is designed in a parallel-friendly way and necessary measures are taken to eliminate cracks and conflicts between the subdomains. Numerical examples are included to demonstrate the robustness and effectiveness of the proposed method on watertight, open orientable, open nonorientable surfaces and combinations of such.
INTRODUCTION
R ECONSTRUCTING a surface from an unordered point data set has been a significant yet challenging problem in computer graphics for the last decade. As a critical step of creating computer graphics, surface reconstruction fills the gap between machine perception and machine understanding, i.e., the process from discrete scanned data to a continuous model. Due to the development of 3D scanners and the increasing demand of computer graphics, extensive research has been conducted in the surface reconstruction field, much of which was dedicated to the watertight surface reconstruction for its topological simplicity and desirable properties. Open surface reconstruction problems, however, occur often in real applications, such as incomplete scanned data. As a topic which has been overlooked, the open surface reconstruction problem, to some extent, has more significance than the watertight surface problem for its topological generality. The definitions of watertight and open surface are as follows:
A surface is defined as 2-manifold embedded in R 3 . In our study, we restrict a surface to be a compact 2-manifold, which we are referring to by saying a watertight surface. An open surface is defined as a 2-manifold with boundary embedded in R 3 . The boundary of a manifold S is denoted by @S. [1] Most surface reconstruction methods can be categorized into two groups, explicit methods and implicit methods. Explicit methods are mainly local geometric approaches based on Delaunay triangulation and dual Voronoi diagram such as Alpha shape and CRUST algorithm [2] , [3] , [4] , [5] , [6] . One advantage of these methods is their theoretical guarantee that there exists a subcomplex of Delaunay triangulation of the data set, which is homeomorphic to the ground-truth surface given a sufficient sampling. Since these methods are local approaches, the global topological characteristics such as watertight or open, will not affect their performances. Their target is the potential homeomorphic subcomplex embedded in the Delaunay triangulation. The topology of the subcomplex surface does not make any difference. Hence, the explicit method can handle quite a number of open surface cases.
However, the explicit methods are subject to many reconstruction difficulties such as nonuniformity, undersampling, and noises [3] , [7] , [8] . Hence, during the last decade, variational models were brought into the reconstruction field. The reconstruction problem is formulated as a minimization problem of an energy functional defined over surfaces. To minimize an energy functional with respect to the surface, a consistent parametrization of the surface is not always available during the optimization procedure. As a result, researchers turned to the implicit methods [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , such as the level set method, to gain flexibility of representation and mathematical facilities. One important such level set approach based on solving the underlying partial differential equations was proposed by Zhao in [7] , [11] . As an alternative, graph cuts can also minimize the energy functionals over implicitly defined surfaces, and has been successfully applied to the surface reconstruction problem in [20] , [21] , [22] . The main advantages of graph cuts are the efficiency and ability to find global minima. However, the competence of both the level set method and graph cuts is lost on more general topologies [23] . Some reconstruction methods have been proposed to handle open surfaces recently [18] , [19] , [22] , [24] , [25] , [26] which work successfully in practice. However, the robustness or the efficiency is still in study. To sum up, all these methods for open surfaces have some disadvantages and "it is not clear how to devise methods for curves and surfaces that have ends or edges (respectively) within the computational domain" [23] .
In this paper, a novel variational reconstruction method for open surfaces is proposed. Unlike previous methods, our method separates the two types of ill posedness in the open surface problem and handles them sequentially in different ways. The explicit methods are adapted to handle the uncertainty of the surface boundary. The medial axis frequently used in the explicit methods are applied in a different manner. And the implicit method is used to tackle the uncertainty of the data connectivity issue, which contains various reconstruction difficulties such as undersampling and noises. This new methodology not only grants the merits from both explicit and implicit methods, but also provides approaches to more general cases such as the combination of open and watertight surfaces. Following is a description of our algorithm.
In the proposed method, the data set points as well as the properly generated background points are inserted to an unstructured tetrahedral mesh framework in a Delaunay way. In the tetrahedral mesh, a crust is established as the vicinity domain around the data set. A graph dual to the whole mesh is then built according to the energy functional and the minimization is achieved by applying max-flow/ min-cut algorithms. To avoid trivial null result, it is necessary to specify boundary conditions before minimization. This can only be accomplished under the assumption that the domain can be separated into two or more subdomains by the watertight crust, which does not hold any more for an open surface problem.
To tackle this issue, a Boolean operation is proposed to restrict the region of interest within a narrow band. In the proposed method, two crusts with different thickness are built around the data set. The medial axis of the thick crust is to be obtained. One more crust is then built around the boundary of the medial axis. Subsequently, the two crusts around the data set are trimmed by the crust around the boundary. The trimmed thick crust can be separated by the trimmed thin crust. Hence, in the restricted region, i.e., the trimmed thick crust, the trimmed thin crust is watertight such that region growing algorithms and graph-cut techniques can be applied. More details and illustrations of this series of operations are provided in Section 3.
Furthermore, a surface reconstruction method based on domain decomposition is presented. The domain decomposition idea has been applied to computer vision [27] , [28] , [29] . Recently it is found also useful as a robust alternating minimization scheme between overlapped subspaces [30] , [31] . In recent study, the dual graph could be subdivided into subgraphs as well to gain extra efficiency [32] . In the decomposition method, the whole domain is decomposed into several subdomains. The input data are then decomposed into subproblems to be approached separately. Certain measure is taken to eliminate cracks and conflicts effectively. The parallel efficiency may be undermined due to the interaction between subdomains. However, it can be compensated largely by a proper decomposition scheme. The method proposed can handle more general surfaces such as nonorientable surfaces. To the best of our knowledge, this is the first attempt to approach the nonorientable surface reconstruction problem via graph cuts.
The remainder of this paper is organized as follows: In Section 2, a brief review of watertight surface reconstruction based on Delaunay triangulation and graph cuts is given. Section 3 deals with the open surface problem. The new method to tackle this problem is proposed and the algorithm is given in details. Section 4 gives an important application, the surface reconstruction based on domain decomposition, which can handle more general surfaces. In Section 5, various numerical examples are presented to demonstrate effectiveness and robustness of the proposed method on all kinds of surfaces. Finally, Section 6 concludes the paper.
GRAPH-CUTS RECONSTRUCTION OF WATERTIGHT SURFACE
In this section, a variational reconstruction method is reviewed for watertight surfaces based on graph cuts [33] . The cost energy functional is a generalization from the weighted minimal surface model [11] , which is also related to the minimal surface [34] or geodesic active contours [35] approaches. This functional is minimized on an unstructured tetrahedral mesh framework, which provides more flexibility and effectiveness than structured grids used in other graph-based methods [21] , [22] , [36] . As a matter of fact, the Delaunay-based mesh guarantees the existence of a subcomplex homeomorphic to the ground-truth surface given a sufficient sampling. The method can handle various reconstruction difficulties such as noise, undersampling, and nonuniformity. By adopting the idea presented in [37] , the method is able to address two phase and multiphase problems in a unified approach. A brief review of the ideas and techniques on watertight surfaces will be given in this section.
Two Phase Surface Reconstruction via Graph Cuts
For convenience, this section only discusses two phase problems, in which the ground-truth surface S simply separates the embedding domain X & R 3 into two regions. Let P be a point data set approximately sampled from S in the domain X. Define the distance function as dðxÞ ¼ dðx; P Þ ¼ inf y2P dðx; yÞ, where dðx; yÞ is the euclidean distance between points x and y in R 3 . As in [11] , [33] , the following cost energy is proposed for surface reconstruction:
where À is an arbitrary surface and R À ds is the surface integral over À. À ðxÞ is the piecewise constant level set function with regard to À; IðxÞ is the indicator function prespecifying the level set values; ðxÞ is the confidence function suggesting the faithfulness of IðxÞ; is the regularization coefficient. The definitions of these functions are given as follows:
. À ðxÞ is the piecewise constant level set function same as [38] corresponding to the surface À
where c 1 and c 2 serve as the constant level set value and could be any distinct constants. As a consequence, the surface À is implicitly represented as the discontinuities of À ðxÞ. . The crust around the input data P is defined as C P d ¼ fx 2 X : dðx; P Þ dg. C P d partitions the whole domain into two regions given a -sample P sampled from a watertight surface [3] 
where is a relatively large positive value. With this confidence function weighted on j À ðxÞ À IðxÞj, the reconstructed surface would fall in the crust region. The first term in (1), can be thought of as specifying boundary conditions of À . It constrains the result surface within the crust region, i.e., C P d . Otherwise, if there were any disagreements between À ðxÞ and IðxÞ out of C P d , the energy would not be minimized. This term is important; without it the global minimum of (1) would be the trivial null surface, i.e., À is just a constant everywhere.
The second term is the essential part in the weighted minimal surface model [11] and the third term is the regularization term concerning the surface area. By tuning the regularization coefficient , a compromise between faithfulness and smoothness can be achieved.
In this method, (1) is discretized on an unstructured tetrahedral mesh T h instead of structured grids used in other graph-based methods. And a mesh and triangulation are referring to the same thing [39] . Generally, a mesh T h can be defined by a pair ðV ; CÞ. V is the set of all vertices and C is a complex consisting of four types of simplexes, i.e., vertices, edges, triangles, and tetrahedra. For vertices u; v; w; z, we define fv; ug as the edge between v and u; fv; u; wg as the triangle with vertices v; u; w, and fv; u; w; zg as the tetrahedron with vertices v; u; w; z. fK i g N i¼1 are used to denote all N tetrahedra in T h . In our case, V is the set of mesh points including data points and background points P [ Q.
In a mesh T h , we can define 1-ring neighborhood of a vertex v as N 1 v ¼ fujfv; ug 2 Cg and M-ring neighborhood in a recursive way
Based on this neighborhood system, the crust around the data set P can be defined as
Given P , the sizing function hðvÞ for each vertex v 2 P can be defined as the dðv; P nfvgÞ: the closeness measure to the other vertices. Under uniformity assumption, the average sizing function " h ¼ P v2P vðhÞ could well approximate that of each individual vertex. The background points aim to construct the mesh of reasonable size and good quality. Either regular grid or Body-centered cubic (BCC) lattice is a good choice
where Z Z 3 are points with integer coordinates and h is the size of BCC lattice [40] . The background point set is defined as Q ¼ fvjv 2 BCCð " hÞ \ X; dðv; P Þ > " hg. The restricting inequality dðv; P Þ > " h is necessary since too close background points would destroy the ground truth embedded in the mesh.
When the data sets are nonuniform, i.e., with widely varying sizing function values, the uniform background lattice points are not suitable any more. A well-graded sizing mesh is required instead. The mesh element sizes shall conform with the local sizing function. The parameter h of BCCðhÞ shall vary correspondingly. A good meshing technique is [41] , which utilized octree to construct graded BCC meshes. More advanced nonuniform mesh generation technique is also available, see [42] . The benefit of such a reasonable sized mesh will be seen later.
In this mesh framework, the surface À can be approximated by À h , a subcomplex of T h . Amenta et al. [3] show that there exists a subcomplex of the Delaunay triangulation of P , which is homeomorphic to the ground-truth surface S. As an extension, Wan et al. [43] show that this homeomorphic subcomplex still exists in the Delaunay triangulation of P [ Q if given a reasonable distribution of Q.
The first term in (1), the integral over the whole domain X can be simply discretized as Z
where is a relatively large positive value. The second and third terms in (1) are surface integrals. The surface triangulation À h can be thought of as the union of the triangular faces shared by tetrahedra with different level set values
Hence, combining (7), (1) can be discretized as follows:
where
The energy of EðÀÞ can be minimized efficiently by graph-cuts, since this energy functional is graph representable, which can be verified by the conclusion in [44] . First, a graph dual to the primal tetrahedral mesh is constructed, in which each node corresponds to a tetrahedron in the mesh and each edge corresponds to a triangular face in the mesh.
The edge weights are determined by different terms in EðÀÞ as shown in Fig. 1 and below
After graph construction, max-flow/min-cut algorithms can be applied on the obtained graph. The algorithm in [45] is a good choice for its empirically good performance. Due to the primal-dual relationship in Table 1 , the reconstructed surface can be directly extracted from the background mesh according to the minimal cut. The flow chart is shown in Fig. 2. 
Multiphase Reconstruction via Graph Cuts
We assume now that the interior and exterior of the surface are not connected sets. Such cases can be handled by introducing more labels. We assume the surface separates X into M connected regions fX i g M i¼1 . Surfaces of this kind can be represented in the level set framework of [38] by defining À as À ðxÞ ¼ c i for x 2 X i , i ¼ 1; . . . ; M. As before, À is represented as the discontinuities of À . The complete energy functional (1) is therefore given in the discrete setting as
Minimization problems involving multiple phases, or labels, have been studied previously in image processing. For instance, in image segmentation, each phase represents a region and the minimization problem has exactly the form of (14), but with a different data cost function. Such problems are known to be NP-hard and cannot in general be solved exactly. Instead one can solve the problem approximately, typically via the alpha expansion algorithm [46] . However, it is known alpha expansion does not work so well when the data costs are weak, which is the case for our problem (14), where the data terms are all zero within the crust. We will instead follow the work of Ishikawa [47] and a later modification [37] , by efficiently solving a simpler approximate problem via graph cuts. By making a simplification of the length term in (14), we can convert the problem (14) into a graph representable form. The simplification does not seem to introduce any noticeable errors in our experiments. It was observed that several surfaces could be represented by a hypersurface in a higher dimensional domain. An extra "dimension" is introduced along with the original graph dual to the primal mesh. This multilayer graph idea is illustrated in Fig. 3 .
The multilayer idea does not change much from image processing to surface reconstruction. As earlier, we let C 
The weights for the horizontal edges represent the regularization term in functional (1), and are defined as follows:
8i; j 2 f1; . . . ; Ng; 8k 2 f1; . . . ; M À 1g:
After finding the minimum cut C on this graph, the labeling function can be recovered by
; t Á 2 C:
As shown in Fig. 4 , the multilayer graph idea is illustrated by two intersecting spheres. Fig. 4a presents the cut view of the mesh. The three layer graph is shown in Fig. 4b . The nodes in the graph correspond to the tetrahedra with the same color. The weights distribution among vertical edges depend on IðK i Þ.
OPEN SURFACE RECONSTRUCTION VIA GRAPH CUTS
The method discussed in Section 2 can reconstruct watertight surfaces, which has an interior and exterior region in R 3 . In this section, we discuss open surfaces, which obviously does not have a clear interior and exterior. One critical step of the previous method was the specification of the indicator function IðxÞ as the establishment of the boundary conditions, which was completed by a phase detector based on region growing algorithms [48] . If the crust around the data set fails to separate the domain into two or more partitions as in Fig. 2b , the phase detector would label all regions out of the crust with the same indicator value. A solid and reasonable boundary condition is not available and hence the global minimum would be the trivial null surface. Fig. 5 illustrates this situation and the failure of our previous method by an example in two dimensions.
Certain interactive methods can be applied such as manually specifying the boundary condition. These methods apparently lack generality for more general cases. In this paper, a more intelligent and robust reconstruction method is proposed for general surfaces, including open surfaces, watertight surfaces, and combinations of such. The proposed method consists of an automatic partitioning procedure followed by all steps contained in Section 2. By defining a Boolean operation on the vicinity of the data set, the region of interest has been trimmed in such a way that it can be separated into two or more partitions by a watertight crust. Subsequent phase detection and graph techniques can be applied on the trimmed region. Detailed description is as follows.
A Description of the Method
The proposed method is briefly described as following steps: 
The medial axis
Two crusts around P are trimmed by the crust around Bd. e C P d 1
. The gray balls stand for C Bd d3 in Fig. 6b . 4. The phase detection based on region growing can be performed in e C P d2 and graph cuts is applied to obtain the result surface. These two steps are shown in Figs. 6c and 6d. In the proposed method, e C P d 2 rather than the whole domain X is the region of interest. e C P d 2 can be separated into two or more partitions by e C P d1 , which equivalently translates the open surface problem to a watertight one.
The medial axis of a manifold AE & R k is the closure of the set of points in R k that have at least two closest points in AE [3] . The medial axis M d itself is a good approximation to the ground-truth surface S. Hence, @M d well approximates @S. In three dimensions, the medial axis of a two manifold could be the collection of surfaces, curves or even vertices. The topology of the medial axis of a general manifold is still an open problem. However, the manifold we are discussing is @C P d 2 , a dilated version of S. Finding the medial axis of @C P d2 , a procedure also known as skeletonization, is an inverse transformation of the dilation. This fact as well as S being a two manifold largely eliminates the transdimensional issues of the medial axis. , which is required to be slightly larger than d 2 , both in continuous and discrete circumstances. It is set to 5 " h in the experiments. When facing a nonuniform data set, a single tuple of d i parameters obviously is not enough. fd i ; i ¼ 1; 2; 3g shall vary according to the data density, which means the " h shall be replaced by the local hðvÞ. It is worth noticing that Bd would be an empty set if the ground-truth surface S is watertight. Therefore, an empty crust C Bd d3 is constructed and no Boolean operation is done upon C P d1 and C P d2 . In other words, the method in Section 2 is a special case of the proposed method. Various types of cases, including open, watertight, and hybrid surfaces, can be approached by a single algorithm without any a priori knowledge of surface topology or beforehand hole detections.
The Implementation of the Method
In this section, we provide the discrete versions of the concepts involved in the above algorithm. This algorithm is implemented upon a tetrahedral mesh based on these discrete concepts.
A tetrahedral mesh T h is generated as the Delaunay triangulation of P [ Q, P the input data, and Q the background points. In T h , the discrete distance is defined
Given a triangulated two manifold AE h , the medial axis vertices are defined as the collection of the vertices, whose distance to AE h is realized by at least two points in AE h :
The discrete medial axis is the subcomplex of T h , whose underlying vertices are M V . M F ¼ f4uvwju; v; w 2 M V g. . The integers N 1 , N 2 , and N 3 play the roles of thickness parameters instead. In this way, the effect of nonuniformity could be absorbed by the adaptive mesh. Meanwhile the varying fd i g parameters could be replaced by the fixed fN i g parameters.
Based on these definitions in a discrete language, the proposed algorithm can be effectively implemented on a tetrahedral mesh as described in Table 2 . The underlying Delaunay-based mesh makes the resulting surface more likely to be homeomorphic to the ground truth. More examples are shown in Section 5 to demonstrate the effectiveness and robustness of the proposed method.
RECONSTRUCTION OF OPEN SURFACES BASED ON DOMAIN DECOMPOSITION
In Section 3, the open surface reconstruction method has been proposed, whose effectiveness and robustness will be shown in Section 5. The good performance on various kinds of surfaces leads to further consideration of its applications. One of the most significant applications is to reconstruct a surface based on domain decomposition. Domain decomposition has been successfully applied on computer vision field for a long time. One option is to use domain decomposition idea as preconditioners to get fast solvers for some related linear problems [27] , [28] , [29] . Some recent analysis reveals that domain decomposition can be used as a robust alternating minimization scheme between overlapped subspaces, see [30] , [31] . In surface reconstruction, the robustness and effectiveness of such kind of divide-andconquer algorithms will strongly depend on a good reconstruction method for general surfaces, since the surface in a subdomain may be open or have disconnected interior. Hence, based on the method proposed in Section 3, we present a reconstruction method based on domain decomposition. Since the idea of parallel surface reconstruction is also very attractive, the method is designed in such a way that it can easily be adapted to parallel machines. Another motivation is the incompetence of the method proposed in Section 3 on some special cases. As is known, all 2-manifolds without boundary in R 3 , i.e., watertight surfaces, are orientable [1] . The methods dedicated to watertight surfaces do not have to face the difficulty about nonorientability. However, the 2-manifolds with boundaries, i.e., open surfaces, may be nonorientable. This nonorientable surface problem would be a great challenge for those methods based on implicit representations. For instance, the method proposed in Section 3 cannot handle nonorientable surfaces such as Mobius strip. After the trimming operation, e C P d1 may still fail to separate e C P d 2 into two or more subdomains. A surface reconstruction method based on domain decomposition would be helpful when facing this difficulty. Once the domain X has been decomposed properly, the surface piece in each subdomain is orientable, and can be approached by the method in Section 3. To the best of our knowledge, this study is the first to reconstruct nonorientable surfaces via graph cuts.
Overlapping Domain Decomposition Scheme
Given a domain X & R 3 , a partitioning fX i g N i¼1 of X can be obtained according to a decomposition scheme. In practice, the decomposition scheme can be spatially oriented or data oriented. In this study, a common spatial decomposition scheme is used. Obviously, any rectangular cuboid B can be decomposed into small tessellating rectangular cuboids fB 0 i g N i¼1 as illustrated in Fig. 7a . In our problem, by choosing B to be a rectangular cuboid properly bounding X, i.e.,
However, to avoid the cracks between subdomains, overlapping parts are necessary. In our study, an overlapping decomposition scheme could be obtained by expanding cuboid cells fB
as shown in Fig. 7b . A new partitioning with overlapping fX i g is then obtained. The surface reconstruction problem on P is decomposed into the subproblems of P i ¼ P \ X i . To tackle the issue of possible conflicts and cracks in overlapping part, in this study, a sequential fix-the-boundary method is proposed. As a result, some parallel potential is lost due to the interaction between neighboring subdomains, which is discussed in the later section.
Fix-the-Boundary Reconstruction Method
Without loss of generality, assume that there are only two overlapping subdomains, i.e., X i and X j . The overlapping region is X ij ¼ X i \ X j . We present our algorithm as following steps and illustrate them in Fig. 8.   1 . In X i , apply the method in Section 3 to the subproblem, i.e., reconstructing a surface S i from P i ¼ P \ X i , as shown in Fig. 8a . Meanwhile, the background points falling in the overlapping region, i.e., Q i \ X ij , are stored. As well, the reconstructed surface in this region, i.e., S i \ X ij , is recorded as shown in Fig. 8b . 2. In X j , the subproblem of P j ¼ P \ X j is solved with two modifications. The result surface is S j as in Fig. 8c .
a. Q j , the original background points in X j , is modified:
The mesh is generated based on the modified Q 0 j . b. The graph in solving the subproblem is modified: the weights of edges dual to the faces in S i \ X ij are reduced to zero. 3. At last, merge these two surface patches and obtain the final output for the whole problem: S ¼ S i [ S j as in Fig. 8d . The modification on Q j ensures that background points in overlapping region are identical for two subproblems, i.e.,
Under the assumption of general positions, the Delaunay triangulation of a point set is unique. Combined with the local property of Delaunay triangulations, it is safe to assert that the meshes in the overlapping region for two subdomains are identical, i.e.,
The edge weight adjustment on graph in X j makes the min-cut contains those adjusted edges, which correspond to the faces in S i \ X ij . Equivalently, the reconstructed surface would contain S i \ X ij . This efficiently eliminates conflicts and cracks. We refer to the edge weight adjustment as "fix the surface in X ij " for short. The whole algorithm is given in Table 3 .
Parallel Feasibility and Efficiency
As mentioned, some parallel potential is lost due to the interaction between subdomains in this method. Two neighboring subdomains cannot be processed simultaneously. To adapt this method to parallel machines, all subdomains shall be colored such that no neighboring subdomains have the same color. An identical color shared by subdomains suggests their independence and the feasibility to be processed simultaneously. The sequential algorithm in Table 3 could be adapted to a parallel one.
In 2D problems such as image segmentation [49] , the wellknown four-color theorem can limit the number of the colors required within four. Unfortunately, there is no such theoretic bound in three dimensions. For some special decomposition schemes, however, we can still find such color number bounds. For instance, regrading the 26-neighborhood regular grids in Fig. 9a , an eight-colored scheme works as in Fig. 9b .
As will be seen in Section 5, the whole process time is dominated by the mesh generation time. The average time to generate Delaunay triangulation is OðN log NÞ for a N-size point set [50] . With regard to a M-decomposition scheme with the overlap ratio , the time to process M subdomains sequentially is OðN log Table 5 .
In this section, a new reconstruction method based on domain decomposition was proposed. Interaction between subdomains was introduced to eliminate possible cracks and conflicts. Subject to this indispensable interaction, the feasibility of parallel implementation is discussed for some decomposition schemes. And the parallel efficiency is derived from the theoretical average time complexity of mesh generation. Some examples approached by decomposition are included in Section 5.
EXAMPLES
In this section, various examples are presented to demonstrate the efficiency and robustness of our method. All experiments had been conducted on a desktop PC with Intel Pentium 4 CPU of 3.2 GHz. Most models were obtained from Stanford 3D Scanning Repository, Large Geometric Models Archive of Georgia Institute of Technology and Digital Shape Workbench Project while the others were synthesized by ourselves. Computational Geometry Algorithms Library [51] is used for Delaunay triangulation; the fast algorithm in [45] is used for graph cuts; and Meshlab is used for rendering display. Based on the properties and purposes of theirs, these examples are categorized into four groups: simple open surfaces, complicated (general) surfaces, watertight surface approached by domain decomposition, and nonorientable surfaces approached by domain decomposition. An example of two intersecting semispheres, which is no longer 2-manifold, is shown in Fig. 14 . Examples of hybrids of open and watertight surfaces are presented in Fig. 15 . Fig. 15a shows a sphere intersecting a plane. Fig. 15b shows a real instance, a large leaf. The stalk is a watertight surface and the leaf is an open one. Next are noisy examples. Fig. 16 shows a real example, in which the Buddha statuette is scanned incompletely with noises. Fig. 16a is the photo and Figs. 16b and 16c are reconstructed result. Fig. 17 shows an open surface example with outliers. Fig. 17a is 53,054 data points in blue and 447 outliers in red. Fig. 17b is the clean reconstructed result. Fig. 18 , the last example in this section, shows examples with Gaussian noises. Fig. 18a is the result under a Gaussian noise of 0:3 " h standard deviation and Fig. 18b under a 0:6 " h noise.
Simple Open Surfaces

Watertight Surfaces Approached by Domain Decomposition
Surface reconstruction based on domain decomposition is an important application of the open surface reconstruction method. In this section, some classic watertight cases are approached by the decomposition-based method. In Fig. 19 , a perforated cube as well as a combination of such shapes is reconstructed in a decomposition way. In Fig. 20 , two classic examples, horse and dragon, are shown. At last of this section, three statuettes are shown in Fig. 21 . From left to right, the statuettes are reconstructed in four, two, and three subdomains, respectively.
Nonorientable Surfaces
In this section, Mobius strip, one motivation of this decomposition based method, is approached perfectly with the result shown in Fig. 22 . Another famous nonorientable surface, Klein bottle, is also presented in Fig. 23 . Table 4 gives the sizes of the data sets of several open surface examples and corresponding CPU time counted in seconds. The first column gives the examples' names. The second column contains the numbers of data points P . The third column is the mesh generation time, the fourth the graph construction time, and the fifth the graph cut time. In Table 5 , included are sizes and time of the domain decomposition examples as well as those of the nondecomposition scheme. Each block contains the statistics of every subdomain as well as those in total.
CONCLUSION
In this paper, a variational reconstruction method for open surface is proposed based on graph cuts. The proposed method could robustly reconstruct not only open surfaces but also more general surfaces such as the hybrids of open and watertight ones. Surface reconstruction based on domain decomposition, as an important application, is also presented. Certain measures are taken to eliminate cracks and conflicts on the interface. Parallel efficiency is discussed as well. Parallel implementation of this domain decomposition method and investigation of its efficiency is one of our future research interests. . For more information on this or any other computing topic, please visit our Digital Library at www.computer.org/publications/dlib.
